This paper suggests a method of estimation of the implied volatility smile uncertainty of the observed options prices due to future risk-free rate uncertainty. The purpose is to quantify the range of uncertainty under different scenarios. We consider the setting where both the implied volatility and the risk free rate are calculated jointly from the observed option prices. Due to the cumulative risk-free rate uncertainty, the corresponding system of equations is underdetermined, leading to uncertainty in the volatility surface. We estimate the size of implied volatility layers between the surfaces representing the upper and lower bounds for the implied volatilities for the future risk-free rate uncertainty, defined by current Libor rate and the size of fluctuation estimated from the historical data.
Introduction
This paper studies estimation of the uncertainty of the implied volatility surface (IVS), a manifold formed from the implied volatility parameter obtained by inverting the Black-Scholes pricing formula for a variety of observed options prices with different strikes and times to maturity. We investigate the uncertainty in calculating the implied volatility surface due to future risk-free rate uncertainty for a set of observed options prices. IVS is commonly used for pricing and risk management of exotic contingent claims.
In addition to the volatility, the Black-Scholes pricing formula includes the cumulate future risk-free interest rate. This parameter cannot be known with certainty, and has to be replaced by its forecast. For the purpose of calculating the implied volatility, an observed interest rate could be used as a proxy of the risk-free rate (Brenner and Subrahmanyam, 1988; Li, 2005; Haug, 2006, for example). The study of IVS dynamics together with the joint dynamics of the price and the current risk-free rate has been reported in voluminous extant literature such as Avellaneda, Friedman, Holmes and Samperi (1996) , , Cont, da Fonseca and Durrleman (2002) , Goncalves and Guidolin (2004) , Panigirtzoglou and Skiadopoulos (2004) , Fengler, Härdle and Mammen (2007) , Homescu (2011) and Câmara, Krehbiel and Li (2011) to name but a few.
However, the observer risk-free rate does not necessary coincides with the future risk-free rate; there is always some uncertainty in the future dynamic of the risk-free rate. In the present paper, we focus on the study of the effect of the future risk-free rate uncertainty on the implied volatility surface. This issue was not address before.
We consider the setting where both the implied volatility and the risk-free rate are calculated from observed option prices representing the collective view of the market participants on the value of an option as well as the extent it should be discounted to give its net present value as the observed option price. We presume that since the instantaneous risk-free rate and instantaneous volatility are unknown between now and maturity, the observed option price implicitly embeds the expectation of the market participants on the average instantaneous risk-free rate and the average instantaneous volatility spanning the time to maturity that express themselves as the risk-free rate and implied volatility respectively.
We apply the so called ex-post approach, see, e.g., Singleton (1981) and Hedge (1990) . For our model, this means using option prices observed at one spot time while considering risk-free rates observed at two different times, one observed at the spot time while the other observed at some subsequent time. The range between the risk-free rates observed at these two points in time is regarded as the range of future risk-free rate uncertainty across that period of time.
The model considered in the present paper is a modification of the model from Dokuchaev (2006) , where it was suggested to calculate the pairs of implied parameters for pairs of option prices; the solution of the system of equations in that setting was unique, and the presence of an additional unknown parameter did not lead to uncertainty. However, that approach requires assigning the same volatility to different strike prices; this was inconsistent with the common approach to IVS. In the present paper, we want to remove this feature; our goal is to construct a volatility surface where vanilla options maturing at different dates and struck at different prices can be assigned its own volatility.
We consider a model where, for every available time to maturity, some observed option prices with different strikes are available. Each of these option prices has a value of implied volatility mapped to the time to maturity and strike price that characterises that option contract for a given spot price. Assuming that risk-free rate depends on time to maturity, options expiring on the same day will have one common risk-free rate. This leads to an underdetermined system of equations and uncertainty in the volatility surface. For any time to maturity, the system is underdetermined by one and there exists a set of possible solutions. For a given plausible range of uncertainty of the risk-free rate, we estimate the corresponding uncertainty in the implied volatility via the parametric dependence of the implied volatility surface on risk-free rate. We illustrate quantification of this range of uncertainty under different scenarios using historical data.
In our experiments, we study the implied volatility calculated for the S&P500 options data.
We used the realized fluctuation in the London Interbank Offer Rate (Libor) beyond the spot time as a plausible range of future risk-free rate uncertainty. These fluctuations were relatively small.
However, it appears that the uncertainty that matches these fluctuations leads to a noticeable range of uncertainty for IVS. We used only few real life samples of Libor rather than the statistical characteristics of Libor as an illustration; in depth study on Libor time series can be found in, for example, Krehbiel and Adkins (2008) and Lu and Wu (2009) .
The rest of the paper is organized as follows. In Section 2, we describe extended Black-Scholes framework to accommodate the notion of implied volatility and risk-free rate is outlined. In Section 3, we propose the framework to solve for implied volatilities and implied risk-free rate term structure from a system of nonlinear equations pertaining to a discrete ensemble of observed option prices. In Section 4, the uncertainty of implied volatility smile, given a range of uncertainty of implied risk-free rate, is illustrated using historical S&P500 European vanilla call options data and the Libor term structure time series. In Section 5, the stochastic dynamics of the range of uncertainty for a set of options with the same time-to-maturity but different strike prices is examined.
In Section 6, potential application and extension of this methodology is discussed.
A review of Black-Scholes framework
The celebrated Black-Scholes option pricing model (Black and Scholes, 1973) gives the option prices for the market model consisting of a risk free bond or bank account with the price B(t), t ≥ 0, and a risky stock with price S (t), t ≥ 0 where the prices of the stocks evolve as
where W(t) is a Wiener process, a(t) is an appreciation rate, and δ(t) is a random volatility coefficient. The initial price S (0) > 0 is a given deterministic constant. The price of the bond evolves as
where r(t) ≥ 0 is a random process and B(0) is given.
It is assumed that W(·) is a standard Wiener process on a given standard probability space
(Ω, F , P), where Ω is a set of elementary events, F is a complete δ-algebra of events, and P is a probability measure. Let F t be a filtration generated by the currently observable data. We assume that the process (S (t), a(t), δ(t)) is F t -adapted and that F t does not depend on {W(t 2 ) − W(t 1 )} t 2 ≥t 2 ≥t .
In particular, this means that the process (S (t), a(t), δ(t)) is currently observable and δ(t) does not depend on {W(t 2 ) − W(t 1 )} t 2 ≥t 2 ≥t . Assume that F 0 is the P-augmentation of the set {∅, Ω}, and that a(t) does not depend on {W(t 2 ) − W(t 1 )} t 2 ≥t 2 ≥t . For simplicity, a(t) is assumed to be a bounded process.
In the classical Black-Scholes framework, the standard implied volatility definition gives its value as a function of the risk-free interest rate, the option price, the strike price, the spot asset price, and time to maturity τ. The standard definition of the implied volatility ignores the fact that, in reality, the risk-free rate is unknown and evolves dynamically over time. Therefore, the standard implied volatility at spot time t is a conditional one and it depends on the future curve r(s)| s∈ [t,T ] .
In fact, the Black-Scholes price at time t depends only on the volatility process and on ρ(t) = where W is the driving Wiener process. It is suggested to calculate the pair (σ imp (t), ρ imp (t)) of two unconditionally implied parameters, where σ imp (t) is the unconditionally implied volatility, and ρ imp (t) is the unconditionally implied value of r(t).
Consider the case of a European vanilla call with the payoff function max(S (T ) − K, 0). Let the strike price K > 0 be given and let δ(t) = δ, r(t) = r be nonrandom and constant. Let T > 0 be fixed and let τ = T − t. Let C BS (τ, S (t), δ, r, K) denote the Black-Scholes price for the European vanilla call option defined as
where
and
Assume that r(t) = r is constant. In practice, δ is often estimated from the inversion of the Black-Scholes formula, i.e., as a solution of the nonlinear equation
The solution for this equation, the nonrandom value δ imp (t), is said to be the implied volatility.
This implied volatility is not specifically related to a market model; it is used as a model-free characteristic to describe market uncertainty. Let
, and ρ(t)
If δ(·) and r(·) are random but σ(t) and ρ(t) are not random at time t, the Black-Scholes formula (3) with (δ, r) replaced by (σ(t), ρ(t)) still gives the fair price of a European vanilla call option at time t, where where the fair price is understood in the sense of risk neutral pricing (see. e.g. Dokuchaev (2006)). Therefore, a given set of market option prices for different times to maturity gives an opportunity to calculate implied values σ imp (t) and ρ imp (t),
Larger sets of implied parameters
The existing literature does not consider simultaneously both risk-free rate and implied volatility.
Instead, risk-free rate is assumed to be known and deterministic. To fix notations for subsequent discussions, assume at the spot time t for some strike price K and some time to maturity τ, we observe the price of an option C = C(K, τ). For simplicity of exposition, we consider European vanilla call prices only. If ρ(t) is known and fixed, then the implied volatility surface represents a one-to-one mapping from (K, τ) to the option price expressed in terms of implied volatility σ imp (t)
within the Black-Scholes framework. This is because the implied volatility is the only unknown parameter in the Black-Scholes European vanilla call price formula when the risk-free rate is known and fixed since the remaining parameters involved in the formula, spot asset price S (t), strike price K and time to maturity τ, are readily observed from the market this option is traded on.
The existence of a one-to-one bijective relation between the implied volatility and the option price enables the market participants to use implied volatility and option price interchangeably when referring to the value of a European vanilla call price, using the Black-Scholes formula as a tool for converting between these two quoting conventions. This practice of options value quotation using implied volatility in lieu of price is so widespread that even the Chicago Board of Options Exchange (CBOE) calculated the volatility index (VXO), now a de facto benchmark for stock market volatility, from 1993 to 2003 based on the implied volatility of S&P100 index options data (Carr and Wu, 2006) . In practice, it is expected that options contract with different (K, τ) characteristics matches it own implied volatility. Therefore, in the face of a discrete ensemble of N observed option prices across N unique (K, τ) pairs, the option prices can be represented by N implied volatilities by solving a system of N nonlinear equations where the uniqueness of solution is guaranteed.
If ρ(t) is not known and fixed, the situation is different. Let
j=1 n j be a discrete ensemble of N observed vanilla call prices written on the same underlying asset observed at the same time where m is the number of different times to maturity and n j is the number of options with time to maturity τ j and let the corresponding Black-Scholes call prices incorporating risk-free rate and implied volatility be
The joint consideration of the risk-free rate ρ j (t) and the implied volatility σ imp,i, j (t) is the solution to the system of N equations
In our model, we assume that the risk-free rate depends on time to maturity through (4) and that options prices with the same time to maturity share the same risk-free rate. This leads to a model where the solution of N observed call prices across m unique times to maturity necessitates N + m parameters to be estimated, namely σ imp,i, j (t) and ρ j (t), where i = 1, . . . , n j , j = 1, . . . , m.
When joint solution of the risk-free rates and and implied volatilities is considered, the oneto-one mapping no longer exists because there are more unknown parameters than equations. Uncertainty in the risk-free rate leads to uncertainty in the implied volatility. We suggest to study this uncertainty in the implied volatility surface in terms of possible range of σ imp (t) given certain interval (ρ min , ρ max ) for possible risk-free rate ρ(t).
The interval of future risk-free rate uncertainty (ρ min , ρ max ) can be constructed in different ways to simulate different scenarios. In ex-post study of future risk-free rate uncertainty using historical data, the risk-free rates observed at two different times, ρ(t 1 ) and ρ(t 2 ), ∀t 2 > t 1 , from the historical time series of interest rate term structure can be used to construct (ρ min , ρ max ) to study the realized implied volatility smile uncertainty across different time frames. In portfolio scenario simulation, the current risk-free rate ρ(t spot ) and a simulated future risk-free rate ρ(t future ) designed to model the evolution of risk-free rate across the time interval [t spot , t future ] can be used to construct (ρ min , ρ max ) to facilitate quantification of the corresponding IVS uncertainty for risk management purposes by incorporating the implied volatility uncertainty into scenario simulation framework such as that proposed by Jamshidian and Zhu (1997) . In rare event simulation for stress-testing, the current risk-free rate ρ(t spot ) and a simulated future risk-free rate that mimics sharp, abrupt spikes in risk-free rate such as those observed in the catastrophic events of 2007 credit crunch can be used to construct (ρ min , ρ max ) for quantifying the corresponding implied volatility uncertainty and estimating the magnitude of potential system shock under extreme event scenario.
4 Case study with cross-sectional empirical data The connection between the range of uncertainty of the risk-free rate and that of the implied volatility is illustrated below using historical options data with different expiry dates. The May 5th
2011 day-close data of the S&P500 index European call options traded on the CBOE is used as an empirical example to illustrate the impact of a given interval of risk-free rate uncertainty on the range of the implied volatility uncertainty across strikes.
For ex-post numerical demonstration, the range of risk-free rate uncertainty that mimics future risk-free rate uncertainty is inferred from historical time series of the Libor term structure downloaded from the Economic Research Division, Federal Reserve Bank of St. Louis. Table 1 depicts the interpolated Libor rates for this term structure on the dates used in this empirical illustration. Albeit the range of future risk-free rate uncertainty considered in the current numerical demonstration based on historical data across a short period of time in May 2011 is small, this approach can potentially accommodate wider ranges of future risk-free rate uncertainty in the context of scenario simulation and extreme event stress test. mimicking future risk-free rate uncertainty across a longer time interval due to a wider range of risk-free rate uncertainty. This is a data dependent phenomenon as the evolution of interest rate across time is non-monotonic and can be such that the interval between spot rate and the rate more distant into the future may be narrower than that between the spot rate and an interest rate at a time in the nearer future. Suffice to note that the range of risk-free rate uncertainty between the spot time and any two different time points ahead will be different.
The implied volatility for these two subsets of options data calculated assuming the risk-free rate to be the Libor rates observed on May 5th, 13th or 27th 2011 are tabulated in Table 2 for a range of near the money options. The spot price was 1335.1. The same range of risk-free rate uncertainty results in a wider range of implied volatility uncertainty for into the money options and long dated options as opposed to those otherwise. The range of implied volatility uncertainty is wider for longer dated options. 
Case study with longitudinal empirical data
In this section, we study the dynamics of the implied volatility uncertainty for a set of options across a number of consecutive trading days assuming a fixed range of future risk-free rate uncertainty throughout these trading days. Although in reality the future risk-free rate uncertainty changes from day to day, the study of the fluctuation of future risk-free rate uncertainty and the reduction of time to maturity on the implied volatility uncertainty is complicated and difficult to The range of implied volatility uncertainty for every option contract is quantified with reference to the prices observed on each of the trading dates considered. Let ∆(t) = σ max (t) − σ min (t) denote this range while t be the trading date. The time series of ∆(t) for these two sets of options are tabulated in Table 3 and depicted in Figure 4 . For longer dated options, the range of implied volatility uncertainty for a given range of risk-free rate uncertainty is wider. As the remaining time to maturity for the option decreases, this range narrows. However, the decrease of ∆(t) across time is neither smooth nor monotonic. Instead, it exhibits stochastic behaviour across time, as shown in Figure 4 . Additionally, given the same range of future risk-free rate uncertainty, the range of implied volatility uncertainty for longer dated options is wider. These observations are due to the fact that the prices of options with the same expiry date but lower strike prices, and that the prices of options with the same strike price but more distant expiry date are in general higher than their counterparts and as such entails a larger magnitude of ∆(t). This demonstrates that the uncertainty of implied volatility due to the risk-free rate uncertainty has a more pronounced impact on pricing path-dependent contingent claims that depends heavily on the long dated region of the implied volatility surface.
One of the primary impetus for profiling the magnitude of the volatility uncertainty range for options with different strike and time to maturity characteristics across a consecutive sequence of trading days is to investigate the dynamics of this process. In particular, Table 3 and Figure   4 demonstrates that the process is not smooth, exhibiting dynamics that is stochastic in nature resembling the dynamics of implied volatility itself.
Conclusions
The current work proposes joint inference of the implied volatility and risk-free rate from a set of observed options prices as solution to an underdetermined system of nonlinear equations. The joint consideration of both parameters admits multiple solutions, leading to implied parameter uncertainty. The quantifying of the implied volatility uncertainty due to the future risk-free rate uncertainty can help to improve option pricing and general risk assessment for financial markets.
The investigation pertaining to the future risk-free rate uncertainty undertaken in this paper fits into the strand of literature that seek to describe the fluctuations of interest rates for risk management and trading strategies optimization in the fixed income market (see Kanevski, Maignan, Pozdnoukhov and Timonin, 2008; Cont, 2005; Jamshidian and Zhu, 1997, for example) . For the purpose of risk management, short term interest rate fluctuation is the subject of interest. While Aït-Sahalia (1996) has studied the evolution of spot interest rate based on seven day Eurodollar deposit interest rates between 1973 and 1995 to model interest rate evolution, we investigated instead, in this paper, the ex post impact of future risk-free rate fluctuation one to three weeks ahead of the spot time on implied volatility. Despite the difference in the time frames considered, the stochastic evolution of interest rate and the increased daily fluctuation of interest rate during volatile market conditions are noticeable in both Figure 1 of Aït-Sahalia (1996) and Figure 1 of this paper.
The historical time series of the Libor term structure for the time frame corresponding to calm market conditions between 2009 and 2013 depicted in Figure 1 and tabulated in Table 1 in short and long term rates such that the interest rates at shorter end of the term structure increase while the interest rates at longer end of the term structure decrease, another feature of interest rate dynamic evolution reported by Bouchaud et al. (1999) . While the current work investigated the impact of risk-free rate uncertainty on implied volatility in an underdefined system of nonlinear equations, Hin and Dokuchaev (2014) investigated this impact in a different framework that lead to an overdefined system of equation. Some related bibliography can be found in Butler and Schachter (1996) , who suggested using a similar system for calculations of implied volatility distributions for the case of option prices obtained via the unbiased estimate of option price for random volatility.
We observed that the dependence of the layers for the IVS on the time to maturity is not smooth. It could be useful to consider smoothing of the implied volatility layers using splines, in the framework of Fengler and Hin (2013) . It could be also interesting to compare the correlations of the implied volatility extracted from the volatility surface described above with the historical volatilities calculated by different methods such as suggested in Dokuchaev (2014) . We leave this for future research. 
